
Irreducibility of moduliof curves

· Clebsch - Hurwitz argument (1K)
· Algebraic argumentby theory of admissible covers (char=0)
· Arguments for char p38 (Deligne - Mumford, Fulton)

coalis inadnabble in connectthe

-

>My connected (As,n+.* Mgin is universal)
--> My connected & dense in g

1) s** sin satisfy (tsia) - (is)
=>statements in (I) are equivalent to same statements

on coarse moduli spaces

quences

Mg connected ->

genus is the only discrete invariant

dense
#12) Mg 9 is =>
component of My thatconsists of singular curves

Branched Coverings

Def. Abranched covering fic
- D is a finite separable morphism

of smooth connected curves.

· If I camely ramified at PGC (k), then

Length (-xxx)p = ep-1 (ep:ramification index)
·

-f*ep +r, ryp-0

=>kc =f*kp +R (R =(x)p.P)
=>2g(x) - 2 =(degf)(2g(D) -z) +deg R (RH)



Def. Abranched covering fic
-P is simply branched if

(i) Pramification point & C(k) has index 2 and is namely ramified

12) there's atmostone ramification pointin each fiber

By RH, a simply branched
covering C-IP'wiI deg =d

is ramified over b =2d+2g-2 points in IP'.

-
-

EC simply

- branched

de
IP1

--
E 3 not simplyE S3
-
C branched

IP! IP1

Amme. C - smooth projective curve of
genus 9/k =T char 0.

↳=line bundle s.t. deg(2) =2g+ 3.

Then F
general V <Ho(C,2) w/ din=2,

CHIP' simplybranched.

*hi(L) =d+1 - g.
=dim Gr(2, HiL) =2 (d-g-1).

If C..!?-p' doesn'tsatisfy condition, then either

(a) U has a basepaint
(b) Frampt with index >2

(c) E2
ram.pts in the same fiber

#

:each loans has dim 72(d-g -1)



(a) L is basepaintfree.

FixpeC. dim[seHOCC,2Is vanishes atpyEd-g.

So dim (locus ofVul basepoint atp) =2 (d-g-2).
die(locus) =2(d-g-2) +1<2(d-g-1).

(b)
equire to EpeC, s-V1903: stHiC,L)-3p)).
dim (locus of V n) branch point out index 23 atp)

=>dim IPH°(C, 2(-3p>) +dimIP(Ho,4)/s) =2d-2g- 4.12
I

d-
g
- 3 d-g - 1

=>dim(locus) =(2d-2g -4) +1 <2(d-g-1).
() equiv to EpFqeC, sEVI90: seHi,L(-2p-2a)).

dim(locus of V vol two ranified points p, 9)
= dim IPH(C,((-2p -2a)) +dim(Ho(,4/s) =26-29-511

11
d -

g
- 4 d

-g
- 1

=>din (locus) =(2d-2g -5) +2 <2(d- g- 1). ⒔

Lemme. C -Ib' simply branched covering w/ deg*2. (char =0)-

=>Ant (4(p1) =913.
E. Every 4 - Aut(%p1) mustfixthe 2d+2g-2 branched points.

(Mayer) * nontrival ants fixing z2g+2 parts.



Def. Ha, b = modulispace of C-IP' simply branched
coverings of degd

over b points

Ian be defined as a top space or an also space)
(if/k) ↳

since *stackiness
Hd,b [c -1P']
XX X -
Es Symb(p1/4 = /P*/*[C] Cb branched points)

Amma. In char O, Ha,b - SymbP'/ fiite & etale. (assume dEg)
A finiteness ->later!

Stopological/c) tale -local homeomorphism

⒗CDeta
-

↓
8 ⒗ IP

Calgebraic

↳
Def' (CEP1) -> Deft (9p.. --,px34(P) by

Il
dim = b

Ho, Nel

0 +T+fxTp1 +Nf +0
⑧

0 +Ho(, f*Tp) +Hi, Ne) +H'(C.T) -HICC, *Tr)
dim=2d+1-

g ↓ dim=39-3 dim =0

dim =b



More topological inputs/K

Riemann Existence Theorem

E

bijs GC-IP' algebraic branched coverings;
↓E

o chandisE = tapological -

* I

9 "holomorphic i 3

Monodromy actions

Cfcp. (topological) branch covering, BCIP' ramification locus.

Fix basepointpeIP'(B. (deg(f) =d)
Def. (monodromy action x. (IP'(B, p) erf-(p))

E
*
[v] =x,(('(B,p), qGf-(p):

[]-9
...

C
2:[0,1]-IP)B lifts uniquely to7.⒗ -

2

⑧

q
I:[0,1] -2 s.t. 5 (0) =9.

p IP1
=>

[2] - g
==(K).

Ep. B =Ep., ..., pbY CIP' finite set, pt/P')B fixed point, b< 0.
E
canonical bijection

Earn" dam.3/Sizesis
(PrEheS:p =

h-ph)
UI Wh

&simply branched coverings/ Sp st. p(a), --,pobieS23/-
are transpositions

Nte x, (IP'(B, p) =7: 10...- ob =1) (0= =simple loops around pil



The Clebsch - Hurwitz
argument (1K)

Fix dI 2g+3, and let b =2d+2g-2.

Hd,b +Mg is suj. (*C/of genusg:simply branched cover C-1P1)
=>connectedness of Haib implies connectedness of Mg.
#

orem. (Clebsch - Hurwitz) Ha, b is connected.

#Recall B:Ha,b -Symb1P') is a finite
covering space.

=>suffices to show *BE Sym" (p')4:

x,(Sym"/p'), B) e B"(B) ==Ha,is transitive.

Ha, =9 degreed carings a -18'simply branched over B3/
=>(group homos P: (IPB, p) ->Sd

s.t. Im(p) transitive and p(a), ..; plob) transpossezonsl/-
-[(e., --, es) (Sal")*e:transpositions and 2. ...rx =13/
&

esy Find enough eles in x, (Symb/P'14, B) thataces on Md,B
in a prescribed way.

I's, ...
T: [0,1] -Symb (p')4 (V1=i=b-1)

&

-> it(p., ..., Pi, Wilt), Silt), Pitz, ---pb)
-SiC =>I(e., ..., b) =(e,---,eerie,a,einerv

piel Applyny TI's, we can more
any (In, ---, ex)

to eY= ((12), (12), (137, (13), ---(1(d-17), (1Cd-1)), (12), ---, (1d)).
1:- i C 7 "

He
C

3
b C -

-I
C - b f

C "S. ↑- C C :"
& ↓o & d

2 -

PP= ↓ Peel PP= ↓
p= P Pi Pie p P2 Pres-⒗ & - 8 & nee- 8 *

&

2,= (ab) rinew =(ed) r=(ab) raw =(ac)
2

=(d) r =(ab) Xi =(b)) riw =(ab)



Irreducibility using
admissible covers (char =a)

&
. ("every smarth are degenerates to a singular stable curve")
C smooth carried, properate curve of

game 9/k =t char 0.

=>Iconnected surve T WI tx, te GT and a family2 - T

of stable curves St. E, EC and Tee is a singular stable cure.

# Sep1 Constructthe
prototype (for the family)

· Pick dE2g +3 =>simply branched
covering C-IP

'

(branched over (p.,--,ps3, b =2d+2g-2)

· Defues G =[(IP, p., --,ps)] EMo,.
· Haib - SymIP' etale ->

open
-> Image =open dense,

50 we may assume Ge Mo,b general.

· Mob connected ->G degenerates to

2 P4P2
& 9 &

&0 =[ / / ↑Ip, 9E
8. P3me?] eFas

b-2 IP's

(2species)
E
family of b-pointed stableas (x +xi
st.

I generic
fiber (D*, 0,) =(IP', p., --;py) xx, 4*12

special fiber (Do, (0)) = (Do, 99:3)
C =ytc....2

↓ ↓ i
2 =normalization ofOp

IPisE ↳x -D inside (C(**)

↓ ↓ ↓
Speak*-



2 Change 2- 4appropriately

· by "purity of branch locus,
the ramification locus of t +D

is a dieser in the relative smooch !locus of 2-D

=>Is -Do ramified over

29:3 =90,(0)3 and possibly D

over irreducible
components of Do

· After suitable base change 4+x(trew)
& replacing t 1(exx4)*, -
2. ->Do is ramified only over

&giy and nodes.

· One can check to is nodal, and t-s4 family of modal

clives.

·

Finally, obtain the stable model est + X.

Since 29:3=In (Ts b.), ess cannotbe

irreducible and hence singular.
↑



trop. Assuming gin irreducible for g'<g.

8 = ats/M, is connected.

PE Recall 8 =SoU...U8yE] where Ican
Byhypothesis. So, S: all connected. (1 =i =[5])
Also, they interact mutually,

I·f) - ans;
I j

[sife I E fo18:
I *

heaven. Itsis irreduciblein

-8-
-

& ⑧

⑧ -S u
& 8

I Ms &

W -

↳ ...
⒔



Irreducibility in char p<0

Deligne - Mumford's argument

Ect. X - Y smooth & proper.

The function Y -> E(y # connected
components of Xi)

is constant.

its -Spec smooth and
proper.

So its E &connected ->its 2p connected.

Fulton's argument (works for p>g+1)

Hurwitz scheme Ha.b defined over I &
F

diagram

Hd,b 2 finiteness for p>g+ 1

↓ Latale (same as before)

Mg Syn"p')

Establishes a "reduction theorems:

Since Ha, b -SymP(P1) finite etale for p>g+1,

HabX2&connected ->Ha,b*=p connected (p(g +1)


